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Abstract 

In this paper,we have characterized sequences which maintain the 
same property described in Lifting the Exponent Lemma. Lifting the 
Exponent Lemma is a very powerful tool in olympiad number theory 
and recently it has become very popular. We generalize it to all se¬ 
quences that maintain a property like it i.e. if p“||afc and p^||n, then 
P^+^\\ank- 
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1 Introduction 

We will use just (a) for a sequence (adi>i throughout the whole article. In 
such a sequence, there may be some positive integers Xi,X 2 , associated 

which will not change. For example, (a) associated with two positive integers 
X, y with Oj = X* — y* gives us the usual LTE. 
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Definition 1. i^p(a) = a is the largest positive integer a so that p"|a but 
/fa. We say that p" mostly divides a, sometimes it’s denoted alterna¬ 
tively by p“| |a. 

Theorem 1.1 (Lifting The Exponent Lemma). If x and y are co-prime 
integers so that an odd prime p divides x — y, then 

Vp{x'^ - y”) = Vp{x-y) + Vp{n) 

Alternatively, if p'^Wx — y andp^\\n, then p°‘~^^\\x'^ — y"^. 

Definition 2 (Property C and C Sequence). A sequence (aj)i>i has property 
C if for any odd prime p which divides a^, 

^piflkn) T^piflk) T ^pijf) 

Alternatively, if p"||afc so that a > 1 and p^||n, then p°'^^\\akn- Call such a 
sequence an C sequence. 

Note 1. C property is a much more generalization of Lifting the Exponent 
Lemma. In LTE, we only consider k = 1 for x"' — y^. 

Definition 3 (Divisible Sequence). If (a) is a sequence so that divides 
Onk for all positive integers k, n, then (a) is a divisible sequence. 

Definition 4 (Rank of a prime). For a prime p and a sequence of positive 
integers (aj)j>i, the smallest index k for which p divides is the rank for 
prime p in (a). Let’s denote it by p{p). That is, p|ap(p) and p fuk for k < p{p). 

Definition 5 (Primitive Divisor). If a prime p divides but p doesn’t divide 
a* for i < n, then p is a primitive divisor of a„. 

2 Characterizing C Sequence 

Theorem 2.1. //(a) is an C sequence, it is also a divisibility sequence. 

r 

Proof. If p"| |afc and p^| |n, then we have p"’*"^! |afc„ or p"|afc„. Let = riPib 

i=l 

r 

then Pi'lofcn and so n Pi \^nk ^k\^nk‘ 

i=l 

□ 
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Theorem 2.2. There is a sequence {b) so that 

an = Wbd 

d\n 

and {bm, bn) = 1 whenever m /[n or n /\m. Moreover, we can recursively 
define (&) as bi = ai and 

7 _ [®1) •••) ®n] 

where [a,b] is the least common multiple of a and b. In particular, bfian- 

Proof. We can prove it by induction. Base case n = 1 is easy since bi = ai. 
For n > 1, Note that, we are done if we can prove that for a prime p, bpi and 
bpg exists for q ^ p, a. prime and i E N. First we prove that bp exists for a 
prime p. 


b 

Up 

ai 


which obviously exists. 

Now, for bpi we apply induction. Note that. 


Gjph-\-l. 


n 

d\p^+^ 

k+1 

n 


i=0 


bpk+1 ■ 


i=0 


bpk+1 


Opkbpk+1 
Gipk-\-I 

Gjpk 


For bpq, note that, (op, af) = (op, Oq) = Oi and since Op = bibp, Oq = bibq, 
we have [up, Oq] = afiopbq = bibpbq. 


^pq 


= bibpbqh 


bpq 


•p^q^pq 

^pq 


b\bpbq 

^pq 

[dp, ttq] 
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Since ap\apg and aq\apg, we have [ap,ag]\apg. Hence, bpg exists as well. 


□ 


Theorem 2.3. {am, an) = a(m,n)- 
Proof. From the dehnition of (6), 



□ 


Definition 6. Let’s call the sequence {b) dehned above in theorem (2.2) b- 
sequence of (a). So, in order to characterize C sequences, we need to actually 
analyze properties of {b) under C property. 

From now on, let’s assume (a) is an £ sequence and (b) is its b-sequence. 
Also, we £x an odd prime p. For brevity, p will denote p{p), the rank of p in 
(a). The theorems that follow can characterize an C sequence quite well. 

Theorem 2.4. (a) and {b) consists of the same set of prime factors and for 
a prime p, the rank in (a) is the same as the rank in {b). 

Theorem 2.5. (a) is a divisible sequence if and only if for any positive 
integer s, 



^p{ap) A ^p('S) 


The two theorems above are quite straight forward. 

Theorem 2.6. p\ak if and only if p\k. 

Proof. Since p\ap and p\ak, according to theorem (2.3), we have p\{ap,ak) = 
a(p^fc). \i g = {p,k) then g < p. Therefore ii g ^ p then p\ag implies g is 
smaller than p and contradicting the minimality of p. So, g = p and 
hence, p\k. The only if part is straight forward. 


□ 
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Theorem 2.7. If p^\\ap and p^\\ak, then k = ^pl for some integer I not 
divisible by p. 


Proof. Firstly s > r because if s < r that would mean p\ak with k < p, 
so p^\ak too. From theorem (2.6), p\k. Assume that k = pt. Using the 
dehnition, 


s = r + i/p{t) 
iyp{t) = s-r 

t = with p fl 


Thus, k = pp^ '■/. 


□ 


Theorem 2.8. If p fp, then there exists a unique d\p such that p\bpd. Let’s 
denote such d by 6. Moreover, p fbpd for d ^ 5 and p\\bps. 

Proof iyp{app) = Up{ap) + 1. We get. 


dp 

rTc/ipp 

Y[d\p 

dU> 

d\pp 

d\p 


This implies that only one 6 among all divisors of p has the property that 
p\\hpd and p fbpd for d^ 6. 

□ 


Theorem 2.9. If {pp, k) = 1, then for any divisor d of p and e a divisor of 
k, p fbde. 

Proof, li p fk, then 
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But aplttpk- Therefore, p 


^kp 

Up 


ridlpA: 
ridip ^d 

d\^ 

d\pk 

e\k d[f) 
d\pe 

e\k d\p 


Since p is a prime, p can’t divide any of those b^e- 


□ 


3 Conjectures 

Conjecture 1 . If{p,p{p)) 7 ^ 1, then p = p{p). Otherwise, {p, p{p)) = 1- 

TfX 

Conjecture 2. If {bm, bn) > 1, then — = p" for some a. 

n 

We all know about the open problem: Decide if Fp if square-free. Here is 
a stronger version of that. It is because, is a divisibility sequence and C 
sequence. 

Conjecture 3. bn is square-free if n is square-free. 

The following conjectnre(if true) is a much more generalization of Zsig¬ 
mondy’s theorem, see (2). 

Conjecture 4. has a primitive prime divisor except for some finite n. 
Moreover, there is a positive integer M so that, whenever doesn’t have a 
primitive divisor, n\M. 
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